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Introduction
In vehicles, the engine mounts play an essential role for the NVH comfort. The main functions of these mounts (rubber or hydraulic) are to provide static supports for the powerplant and to isolate the vibrations of the powerplant from the rest of the vehicle. Thus, the modelling of these vehicle parts, becoming of a great complexity, constitutes an essential step for the NVH improvement.
Besides, in addition to a good definition of the different vehicle parts, it is necessary to focus on the function of the subsystem in the whole vehicle by evaluating the main interactions with other components. Simulation of the powerplant mounting system at low frequency enables to define optimal architecture, and to give the characteristics of the engine mounts necessary in terms of rigidity and damping. But, to carry out an powerplant mounting system layout theoretically, system data have to be provided. As a good definition of the rest of the vehicle is not available in early stages of the vehicle design process, some assumptions have to be made. Specifically, the model includes rigid body representations of the powerplant and the chassis with appropriate values for the location of the centers of gravity, masses, and moments of inertia. Such a simulation model enables to assess the rigid body modes of the powerplant in the vehicle as well as to analyse the motion of the powerplant and the chassis under various engine operating conditions (idle, full load speed sweep) and road/wheel inputs.
Equations of motion for the powerplant engine mounting system include rigid chassis thought the chassis flexibility may have a significant effect on the powerplant vibration and the mounting forces transmitted from the powerplant to the structure, especially when flexible vibration modes of the chassis are excited. The dominant vibration modes of body structure at idle speed should be the first longitudinal bending mode and the first torsional mode, generally above 30-35 Hz. Future work should include the experimental verification of the simulation model assumptions through measurements of the vibration modes of the chassis.
The strategies currently used in industry analyze, under the modal approach, the harmonic response of the powerplant on resilient supports attached to ground [Brach, 1997, Khajepour and Geisberger, 2002] . The modal analysis of this six degrees of freedom (d.o.f.) model is interesting insofar as the response to an excitation is calculated and interpreted according to the position in frequency and to the form of the modes. The usual strategy moves the rigid body natural frequencies of the powerplant away from the frequencies of the input sources to avoid resonances [Gray et al., 1990, Kano and Hayashi, 1994] . By manipulating the rigid body modes of the grounded powerplant, the torque roll axis decoupling and the elastic axis decoupling methods attempt to shape the response with the aim of minimiz-ing the vibrations. The background theory of these techniques is widely described in literature [Patton and Geck, 1984 , Singh and Jeong, 2000 , Brach, 1997 . All these studies consider the powerplant by its grounded behavior, neglecting the effects of the chassis, exhaust subsystem, drive-shaft, wheel suspension . . . Lately, researches have focused on the significance of the rigid body modes alignment for grounded powerplant to its in-vehicle behavior [Sirafi and Qatu, 2003, Hadi and Sachdeva, 2003 ]. These studies deal with the accuracy of NVH vehicle models and raise the problem of interactions between the different subsystems. Various powertrain models have been studied and their accuracy was discussed through a full vehicle model. By the evaluation of actual cases, the existence of these interactions have been clearly demonstrated. Nevertheless, no general formalism have been introduced to evaluate the limits of the modelling assumptions made during the development of the classical 6 d.o.f. powerplant mounting schemes.
The aim of the proposed method is to highlight and identify, through an analytical procedure, the relationships between the powerplant mounting schemes and the vehicle response characteristics at idle speed. In the second section, the general equations of motion are reformulated using an original matrix, the coupling matrix introduced for coupled plates [Bessac F. and Guyader, 1996] . The characteristics of the coupling matrix, analyzed in the third section, enable to define the domain of validity of the mounting schemes based on a 6 d.o.f. powerplant model and to assess NVH improvement. In the last section, the issue of the torque roll axis decoupling strategy is analyzed by this method in terms of improvement of the dynamic chassis responses.
FORMULATION OF THE COUPLING PROBLEM

Modelling of the vehicle system
In derivation of the equations of motion to simulate dynamic behaviors of powerplant mounting systems with supporting structures, a good modelling of a total vehicle system can consist of four subsystems : powerplant which includes engine and transmission, engine mounts, chassis and suspensions. Since small displacements can be assumed, powerplant is modelled as rigid body of time-invariant inertial matrix of dimension 6. The powerplant is supported by an arbitrary number of mounts to the vehicle chassis, also modelled as a rigid body elastically suspended (Figure 1 ).
The mounts classically used in powerplant mounting application are rubber bonded to metal construction. It is possible to get better isolation effects than conventional rubber mount systems with a hydraulic engine mount. Hydraulic engine mount control the damping characteristics by using the fluid viscosity. Elastomeric materials behave visco-elastically, thus engine mounts are represented by three mutually perpendicular sets of linear spring and corresponding viscous damper in parallel.
No rotational stiffness of the mounts will be considered. The stiffness matrix K mi and damping matrix C mi of a mount i can be written in its local coordinate system as :
The subscript mi stands for the mount frame coordinates R mi (Figure 1 ) of the the i th mount. The stiffness and damping matrices must be transformed from the local mount coordinate system R mi to the global coordinate system R by the following linear transformation :
, and
where Π mi is the transformation matrix from the local coordinate system R mi to the global one R. The elements of Π mi consist of directional cosines of the local frame with respect to R defined from Euler angles.
Equations of motion
In order to express the equations of motion in terms of displacements and rotations of the powerplant and chassis centers of gravity, another transformation is necessary. This transformation relates the displacements of each mount to the displacements and rotations of the powerplant and chassis centers of gravity. The superscripts (e) and (c) respectively stand for powerplant and chassis. The superscript (b) may refer to either the powerplant or the chassis. A generalized vector q (Eq. 3) is defined by combining translational u and rotational θ displacements of the centers of gravity of the powerplant ( Figure 2 ) and of the chassis.
The position vector of the i th mount's center of elasticity with respect to the center of gravity of the powerplant and the chassis are given in terms of global coordinate system as :
and each has a corresponding skew asymmetric matrix defined as :
with a generalized form :
Let be u
i the translational displacement vector at the mounting point i for the rigid body (b) side. The relative translational displacement vector δ i for the i th mount for small motions is related to the rigid body center of gravity motions and the translational displacements at the mounting point according to the equation (7).
The translational reaction force f i resulting from the application of the elastic forces of mounting i respectively on the powerplant and the chassis centers of gravity can be expressed in the R frame as :
At idle speed, the connection to the ground is simply represented by four systems of linear spring and viscous damper in parallel at each wheel, characterized by their stiffness and damping coefficients following the three directions of the vehicle frame coordinates R. The translational reaction force k from the k th suspension applied to the chassis can be expressed in the R frame with the displacement of the chassis u (c) k at the supporting point as :
For road/wheel inputs, similarly a simple model can be used for the wheel-suspension system, with a single degree of freedom. It can be represented by a mass and a spring accounting for the wheel mass and the tire's stiffness in parallel with a spring and a damper accounting for the suspension system.
Future work should include the study of the dynamic interaction between the vehicle suspensions and the powerplant mounting system.
By assuming all of the elastic loadings from all mounts and suspensions, the total elastic loadings on the powerplant and chassis centers of gravity can be expressed through a generalized square stiffness matrix K of dimension 12 (10), resulting from the assembly of the stiffness elementary matrices (mounts and suspensions).
The matrix K (e→c) is the powerplant's matrix of influence on the chassis and reciprocally, K (c→e)
is the chassis's matrix of influence on the powerplant. Using a similar assembly procedure to the elastic loadings, the total damping loadings on the powerplant and chassis centers of gravity can be expressed by a generalized square stiffness damping matrix C of dimension 12 (11).
With all of the component reactive forces derived in terms of the generalized coordinates, and under the assumption of small oscillations the equations of motion of the powerplant and the car body structure can be written as the matrix form in the frequency domain:
The vector
is the generalized external load vector. The external excitation is harmonic with known frequencies, amplitudes and phases. Engine excitation forces are applied to the powerplant at the center of the crankshaft location. The response to road inputs can be studied by applying forces or displacements at the suspension ground contact locations in the vehicle model.
The matrix M is the generalized mass matrix of the system (13).
with M
is the mass of the rigid body (b) and M
(b)
τ its inertia matrix. C is the generalized viscous damping matrix assuming a proportionally damped system. If a structural damping matrix H is considered, viscous damping term jωC may be replaced by the structural damping term jH. For the following developments, a complex stiffness is used to model the dynamic behavior of the isolators.
The bar indicates that the stiffness term is complex (K = K + jωC or K = K + jH).
Introduction of the coupling matrix
The response of the powerplant and chassis centers of gravity can be calculated through the solving of equation (12). Then the complex matrix inversion of equation (14) is classically used.
The inversion of the matrix of impedance is numerically commonplace. Nevertheless, this method of resolution prevent from understanding the coupling phenomena between the powerplant and the chassis. From the traditional equation of motion (14), one can isolate a matrix presenting only terms related to the coupling from the two bodies (15).
For the sake of physical meaning of the coupling mechanism, the term
in equation (15) represents the displacement of the powerplant subjected to its own excitation when the chassis is blocked (suspensions with infinite stiffnesses). This configuration represents the grounded behavior of the powerplant ( Figure 3 -(a)). The term
the displacement of the chassis subjected to his own excitation when the powerplant is blocked (null displacements) ). This configuration however do not represent a realistic behavior. One expresses the two configurations by the generalized vector displacement of the blocked uncoupled
While revealing the vector displacement of the coupled systems, the equation (15) takes a form such that a coupling matrix D appears [Bessac F. and Guyader, 1996] (17).
with
Each one of the coupling matrix terms represents the action of the powerplant mass displacement (respectively chassis) on the chassis mass displacement (respectively powerplant). The matrix of coupling describes the exchanges between the masses independently of the external excitation.
The coupling matrix, studied in more details in the following part, is then a practical solution to predict the global behavior of a system starting from the behavior of the isolated subsystems.
COUPLING MATRIX
This section is dedicated to the analysis of the coupling matrix by extracting its eigenvalues. The value of these intrinsic characteristics permits to identify different zone in which the degree of coupling between the powerplant and the chassis can be evaluated through an original parameter :
the coupling order.
Eigenvalues and eigenvectors of coupling
The eigenvalues of coupling and the eigenvectors of coupling can be extracted from the coupling matrix. Equation (18) formulate the eigenvalue problem associated with the eigenvalues of coupling λ r (ω) (r = 1, .., 12) and the eigenvectors of coupling ϕ r (ω). Figure 4 presents the evolution of the spectral radius of the coupling matrix D versus frequency for three representative models of front wheel drive cars (a 3, 4 and 6 cylinder engine, tables 1 and 2).
The spectral radius of D is defined by ρ (D) = max r |λ r |. One can see in this figure that resonant peaks appear for the spectral radius and at the resonance frequencies of the uncoupled blocked bodies (Table 3 ). This property of the spectral radius of D is clearly demonstrated by rewriting the determinant of the coupling matrix (19).
At the resonance frequencies of the uncoupled blocked bodies, det
is null, then the coupling eigenvalues product and respectively the spectral radius become infinite. The increase in the damping of the connections smoothes these resonant peaks. Moreover, the frequencies of the peaks are located in the frequency band defined by the eigenvalues of the coupled bodies [Julien, 1960] (Table 4) . To support the powerplant weight and to avoid interference between the powerplant and the chassis during limit running conditions such as bumps and sudden brakes, a minimum level of stiffness is necessary for the engine mounts. The frequency range of the rigid body modes of suspension are then located between 3 and 20 Hz according to the mass of the powerplant.
Hypothesis on the equations of motion
The coupling matrix describes the contribution of one system on the other. One rewrites the equation (17) connecting the displacement of the systems coupled with the displacement of the blocked uncoupled bodies (20).
The components resulting from the excitation (q 
Thus, the equation (20) can be written as follow while D < 1 :
The spectral radius of the 12-by-12 matrix of coupling D, defined in the previous section, gives the lower bound of the all norms matrix of D (23).
As shown before, the resonant peaks of the spectral radius appear at the resonance frequencies of the uncoupled blocked bodies (Figure 4) , i.e. between 3 and 16 Hz (Table 4 ). The figure 5 shows that beyond 16 Hz, the value of the spectral radius decrease gradually for tending toward zero. From (23), the development (22) can only be valid apart from resonant peaks of the coupling eigenvalues,
i.e. apart from the domain of appearance of the eigenvalues of the blocked uncoupled bodies. As presented in figure 5 , the assumption is valid from approximately 22 Hz for the 4 and 6 cylinder engine models. For the 3 cylinder engine model, the assumption is valid from approximately 30 Hz because the resonance frequencies of the uncoupled blocked bodies are slightly higher.
Coupling order
In an adequate interval of frequencies, i.e. when the value of the norm of the coupling matrix is negligible in front of the unit, the development of equation (22) can be restricted to a weaker order (24).
The parameter N is called ≪coupling order≫, it expresses the coupling level between the two rigid bodies for the domain of frequency studied. The evaluation of N is essential for the global analysis in order to obtain simplistic relations between coupled system displacements and blocked uncoupled bodies ones. The last part of this paper notably illustrates the interests of low coupling orders.
The traditional mounting system design strategies require the rigid body modes of the grounded engine. Theses strategies involve only powerplant rigid body mode arrangements for "shaping" the powerplant vibratory behavior, i.e. the vector q (e) 0 . According to the domain of frequency studied, the phenomena of interactions between rigid bodies can drastically modify the vibratory responses of the vehicle. The internal vibroacoustic comfort in automobiles is directly controlled by the chassis acceleration. In a preliminary design phase, a 6 d.o.f. model is indispensable to conduct an powerplant rigid body mode analysis. But a higher level NVH model that contains powerplant and chassis on suspension should be used to understand the interactions between the rigid bodies thanks to the general expression (17) or to the expression (24) valid in the isolation band, where D < 1. These expressions enable to examine the domain of validity of the modelling assumptions and profit towards classical powerplant mounting strategies on the NVH improvement. By way of example, using the proposed method, the following part analyses the issue of the torque roll axis decoupling, strategy often used for the idle isolation.
DYNAMIC DECOUPLING METHOD
As a rigid body, the powerplant presents six modes of vibrations on its mounts. In the automotive industry they are commonly referred to bounce, lateral, and longitudinal for the translation modes and roll, pitch, and yaw for the rotational modes. Roll mode is the rotation about the Y axis of the R frame, pitch about the X axis and yaw the rotation about the Z axis.
Torque roll axis decoupling concepts
It is hypothesized that the disturbances transferred to the car body structure can be reduced by conditioning the powerplant mounting system such that the powerplant oscillates about the torque axis [Shane Sui and Hoppe, 2003 ]. The torque axis, the so-called torque roll axis (T RA), is defined as the resulting fixed axis of rotation of an slightly constrained three dimensional rigid body (i.e. either free or supported elastically on very soft springs) when a torque is applied along any axis. In first approximation for the automotive case, the axis about which the pulsating torque generated by the transversal multi-cylinder engines at idle is applied is the crankshaft axis. Geck and Patton [Patton and Geck, 1984] give a mathematical proof for the conditions which ensure that the engine pulsating torque excites only one powerplant mode. Singh and Jeong [Singh and Jeong, 2000] demonstrate from the axioms of Geck and Patton that when the constant direction of the response becomes a rigid body mode of the grounded powerplant, then the response is a rotation around the T RA, so with a constant direction. The harmonic torque T (ω) is applied along the crankshaft axis which in a front wheel drive car coincides with Y axis of the R frame (25).
The T RA direction q T RA is only defined by the mass matrix of the powerplant (2.2) and the torque direction (25) [Singh and Jeong, 2000] :
where a is a constant for the vector normalization. For common front wheel drive engine, the T RA is seldom parallel to the inertia axis. By convenience of simplicity, the assumption that the principle inertia axis of the powerplant are parallel to the coordinate axis of the R frame is made.
Thus q T RA = t 0 0 0 0 1 0 . Thanks to this approximation, the torque axis mounting strategy consists in a simple rotation decoupling in the elastic axes with a control of the eigenvalue.
Elastic axes for an elastically supported rigid body system are those axes for which application of a force or torque, along or about an axe produces only a corresponding translation or rotation on or about the same line. If all the elastic axes coincide with the principal inertia axes, the rigid body response consists of decoupled translational and rotational modes. To achieve the torque axis mounting strategy, the T RA direction should be one of the rigid body modes of the powerplant.
The equation (27) must be satisfied.
where ω T RA is the eigenvalue of the decoupled mode. The system of equations (27), once developed (28), needs to be satisfied for a complete decoupling of the T RA mode.
The torque roll axis decoupling strategy controls the displacement of the uncoupled blocked powerplant. The grounded powerplant has a frequency response only in the T RA direction with the crankshaft torque variation excitation in all frequency range (q y (ω) 0 ). Only one resonance mode frequency, which is the T RA mode frequency, is excited (Figure 6 ). In the decoupled configuration, the grounded powerplant response can easily be expressed by equation (29). There is only one frequency to move away from the excitation frequency to reduce powerplant vibrations. 
Evaluation of the coupling order
For a 3-cylinder engine, the inputs are particularly low in frequency at idle ; the combustion forces are 1.5 order (17.5 Hz at 700 rpm) and the unbalance moments are first order (11.6 Hz at 700 rpm). The fundamental frequency of the excitation is in the frequency range of the suspension modes, where the coupling eigenvalues present resonant peaks. Therefore, the interaction between the rigid bodies is high ( Figures 5 and 4 ) and the couplings with the chassis will strongly modify the vibratory response of the powerplant. The interest of the torque roll axis decoupling strategy for a 3-cylinder engine, already applied by Saitoh [Saitoh and Igarashi, 1990] , is not at all obvious because the powerplant behavior in the vehicle can be very different from that on the ground ( Figure   7 , up to 15 Hz). Note that for a 3 cylinder engine, the unbalance inputs about the pitch and yaw axes can be as high as the oscillating torque due to the combustion forces. A numerical analysis must be done by the equation (17) to obtain the hypothetic benefits on the chassis response by a purification of the powerplant vibratory response. This is in contrast with 4 and 6 cylinder engines for which an evaluation of the coupling order can lead to an analytical study of the coupling phenomena. The fundamental frequency of the excitation is in the zone of filtering, beyond the frequencies of the rigid body modes. Indeed, at the second order, i.e. 25 Hz for a 4 cylinder engine at 750 rpm, and at the third order, i.e. 40 Hz for a 6 cylinder engine at 800 rpm, the value of the norm of the coupling matrix is small in front of the unit ( Figure 5 ). 
According to the equation (30), with q (c) 0 = 0, the chassis displacements are given by :
An additional approximation consists in neglecting the elastic term of suspensions with respect to the inertia term in the dynamic behaviour of the blocked uncoupled chassis at idle (
0.05 at 25 Hz for the 4 cylinder engine model). While the blocked uncoupled powerplant frequency response is a unique rotation about the T RA direction, the transmitted displacements on the chassis can be approximated by the expression (32).
The inertia matrix of the chassis being generally diagonal, our approach makes it possible to obtain simple analytical relations between the displacements of the chassis and displacements of the blocked uncoupled powerplant at idle. The aim in the improvement of the vibroacoustic performances of an powerplant mounting system is the reduction in the vibratory responses of the chassis. The achievement of this objective is possible by the control of the displacements of the blocked uncoupled powerplant (32) while reducing the following coupling terms :
The first three equations of the system (33) define the translational displacements of the chassis center of gravity. These displacements are null by applying the first three equations of the system of torque roll axis decoupling (28).
Analytical solutions for a practical mounting systems
To illustrate the issue of the torque roll axis strategy, we use the current mounting system for 4 cylinder front wheel drive cars. This system is typically made up of three mounts (Figure 10 ), two of which bear most of the weight of the powertrain while the remaining function is a roll-restrictor.
The two mounts bearing the static weight are on the body rails. These are referred as Right Hand Mount (RHM) and Left Hand Mount (LHM). The roll-restrictor attaches the lower part of the powerplant to the rear cross member of the front subframe. It is referred as the Lower Torque Rod (LTR). The principal elastic axes of the resilient supporting elements are coincident with the axes of the global coordinate system R (k lm = 0 for l =m)). The two mounts (RHM and LHM) are then characterized by three different stiffnesses along the three axes of the global coordinate system R.
The torque rod mainly acts in the longitudinal direction X, because of its low stiffness in the other directions. LTR is characterized only by a single axial stiffness ( k xx = 0 and k yy = k zz = 0).
When RHM and LHM are located in the vertical plane including the T RA, which coincides with the plane including powerplant center of gravity and Y axis of the global coordinate system R, the coordinate distance x (e) of the elastic center of RHM and LHM are null (Figure 10 ). Moreover k zz = 0 for LTR, so the following terms in the systems of equations (28) and (33) are null :
Introducing the further simplification that the XZ plane and the XY plane of the global coordinate system R contain the centers of gravity of the powerplant and the chassis, we find that z (e) = z (c) and y (e) = y (c) for the three mounts ( Figure 10 ). The aim of these simplifications is to reduce the numbers of terms in the equations and, in some instances, to reduce the number of equations that must be solved simultaneously for a complete decoupling of the T RA mode. In general, an optimization algorithm is needed to restrict the location of mounts and to ensure that the natural frequencies of the powerplant rigid-body modes lie within the desirable band while maintaining the decoupled T RA mode. The system (28) becomes : (35) is satisfied and y (e) = y (c) for RHM and LHM. It is interesting to annul this coupling term because the denominator contains the lowest moment of inertia of the chassis (I (c) zz ).
Use of such a torque rod type mounting system increases the degrees of freedom in tuning, since the spring characteristics of the LTR do not affect in the vertical direction and the spring characteristics in the vertical direction and the roll direction are not coupled. That means that the roll mode frequency is quite easy to decrease while respecting the static requirements. Especially that the value of the coupling term between the grounded powerplant rotation and the resulting chassis rotation is also fixed by the value of the natural frequency of the powerplant roll mode. The lower will be the powerplant roll mode frequency, the lower the chassis response.
Conclusions
This study was initiated with a desire to determine the significance of the powerplant rigid-body modes for grounded system to its in-vehicle NVH behaviour.
The current powerplant mounting strategies examined the rigid-body modes of the powertrain as it would sit on the mounts attached to the ground, i.e. neglecting the effect of the chassis. To predict correctly the issue of the traditional powerplant mounting strategies in terms of improvement of the dynamic chassis responses, it is essential to be able to analyze the phenomena induced by the coupling, and this for the whole of the excitation frequencies. The complexity of the harmonic response of the powertrain mounted on engine mounts in a vehicle cannot be understood using the traditional equations of motion. The general equations of motion are reformulated by using the coupling matrix, intrinsic with the suspended bodies and independent of the external excitation.
The coupling matrix constitutes the starting point of the analysis of the traditional powerplant mounting strategies and the order of coupling enable to define their field of validity in frequency.
To format the method, we choose to analyse the torque roll axis decoupling strategy. For road/wheel inputs, a different model should be considered. In this case it is necessary to reduce the acceleration due to the engine shake. The engine shake is due to a dynamic interaction between the vehicle suspensions and the powerplant mounting system. For future enhancements to this study, investigation will be conducted to analyze the order of coupling between the wheel suspension system and the powerplant mounting system.
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